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This paper gives the results of an approximate theoretical analysis of 
the problem of heat transfer between the wall of the apparatus with a 
mixer. The design equations obtained are compared with the experi- 
mental data of various investigators. 

The r e s u l t s  of  the  ma in  i nves t i ga t i ons  of hea t  t r a n s -  
f e r  in a p p a r a t u s  with m i x e r s  have been  s u m m e d  up in 
[1]. Desp i te  t h e i r  g r e a t  p r a c t i c a l  i n t e r e s t ,  the  n u m b e r  
of  i nves t i ga t i ons  on th i s  ques t ion  i s  inadequa te  in view 
of the  ex t ens ive  u se  of such a p p a r a t u s .  

The l a ck  of t h e o r e t i c a l  g e n e r a l i z a t i o n s  p r e v e n t s  the  
a v a i l a b l e  des ign  equat ions  be ing  extended to m i x e r s  
which  d i f fe r  s l i gh t ly  f r o m  the  i n v e s t i g a t e d  t y p e s .  

Th is  p a p e r  p r e s e n t s  an a p p r o x i m a t e  t h e o r e t i c a l  
a n a l y s i s  of the  p r o b l e m  of hea t  t r a n s f e r  in a p p a r a t u s  
wi th  a m i x e r  in the  c a s e  of t u rbu l en t  mix ing .  An exact  
so lu t ion  of th i s  p r o b l e m  i s  v e r y  diff icul t ,  s ince  the  
s t r u c t u r e  of the  f low in an a p p a r a t u s  wi th  a m i x e r  i s  
c o m p l e x  and depends  on the  type  of m i x e r .  

An a n a l y s i s  of the  e x p e r i m e n t a l  da ta  on hea t  t r a n s -  
f e r  and power  consumpt ion ,  however ,  i nd i ca t e s  loca l  
s i m i l a r i t y  of the  f i e lds  of t u r b u l e n t  pu l sa t i ons  for  d i f -  
fere, nt  t y p e s  of  m i x e r s ,  de sp i t e  t h e i r  d i f f e ren t  des ign .  
The e x i s t e n c e  of an a p p r o x i m a t e  s i m i l a r i t y  be tween  
the  f i e lds  of t u r b u l e n t  pu l s a t i ons  a l lows  a common  ap -  
p r o a c h  to  the  p r o b l e m  of hea t  t r a n s f e r  in a p p a r a t u s  
with m i x e r s  of d i f f e ren t  des igns  and o ther  s i m i l a r  c a s e s .  

Heat  t r a n s f e r  to  the  wa l l  of  the  a p p a r a t u s .  In t u r b u -  
l en t  condi t ions  hea t  t r a n s f e r  i s  e f fec ted  by the  t u r b u -  
len t  v o r t i c e s  of the  l iquid  which flow o v e r  the  h e a t -  
t r a n s f e r  s u r f a c e .  The mot ion  of the  l iquid in a p p a r a t u s  
with a m i x e r  is  t h r e e - d i m e n s i o n a l  in n a t u r e .  In a f i r s t  
a p p r o x i m a t i o n  we can  a s s u m e  tha t  t u r b u l e n t  pu l sa t ing  
m o v e m e n t s  in any d i r e c t i o n  r e l a t i v e  to the  s u r f a c e  a r e  
equa l ly  p robab l e ,  i . e . ,  the  t u r b u l e n c e  i s  i s o t r o p i e .  

Th is  m e a n s  tha t  at  any ins t an t  o n e - t h i r d  of  the  s u r -  
face  i s  washed  by  a s t r e a m  p e r p e n d i c u l a r  to the wal l ,  
and t w o - t h i r d s  of the  s u r f a c e  i s  washed  by a s t r e a m  of  
l iquid  p a r a l l e l  to the  s u r f a c e .  

A s s u m i n g  tha t  pu l s a t i ons  of d i f f e r en t  d i r e c t i o n  p a r -  
t i c i p a t e  to the  s a m e  ex ten t  in hea t  t r a n s f e r ,  we can  ex -  
p r e s s  the  m e a n  hea t  t r a n s f e r  coe f f i c i en t  in the  fol lowing 
way:  

F o r  the  in i t i a l  s ec t ion  of a su r f a c e  washed  by  a p a r -  
a l l e l  t u rbu l en t  s t r e a m  of l iquid 

Nu t = %d,G =: 0.035 Rd~ s Pr'." (~/~w) ~ i4 (2) 

Thus,  the  p r o b l e m  of d e t e r m i n i n g  the hea t  t r a n s f e r  
coef f i c ien t  r e d u c e s  to the  d e t e r m i n a t i o n  of the  c h a r a c -  
t e r i s t i c  d imens ion  l and the m e a n  f luc tua t ion  ve loc i ty  
Up. 

Fo l lowing  Levich,  we can t ake  

l = dM/2. 

We now c o n s i d e r  the ene rgy  ba lance  in an a p p a r a t u s  
with a m i x e r .  The p o w e r  expended on mix ing  the l iquid 
i s  

3d5 N = ~M0n ~. (3) 

This  power  i s  equal  to the k ine t i c  p o w e r  of a l l  the  
s t r e a m s :  

V = Z :Vi i. (4) 

F o r  a s ingle  s t r e a m  we can w r i t e  

N~ = msU~/2. 

Subst i tu t ing  the  va lue  of m s ,  we obta in  

N i = 9 @F/2. 

The n u m b e r  of  s t r e a m s  is  found f r o m  the  m a s s  ba l ance  
and i s  

i = Vap p/Vst r = ~ DeH/4P. 

Subst i tu t ing the  va lue s  of i and N in (4), we obta in  

z N = (~/8) p . ~ D ~ m l  (a) 

Equat ing Eqs .  (5) and (3), we find the ve loc i t y  Up f r o m  
the known p a r a m e t e r s  and the e x p e r i m e n t a l  coef f ic ien t  

l 

n D~H 

1 2 
12 --  --t2n3 @ 3 -  (It' 

For a surface washed by a stream perpendicular to 
it we know from theoretical and experimental work [2] 

that 

NUn= and/;~ = 1.15 Re~ "s Pr".(~t/~w)~ (1) 

Subst i tut ing the  va lue  of n f r o m  the  e x p r e s s i o n  

n = % / n  d~,, 

we f ina l ly  ob ta in  

3 - - -  
Up = Uc V 8~M/a 4 (dM/D)-'~ (I/H)V,. 
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Fig. 1. Comparison of experimental data of [8] with values 
calculated from formulas (6) and (10) for paddle mixers  

~D(  "'~w1~ , ',-~-[', ) ('A . Pr-'/" : a )hea t  t ransfe r  at wall of appara- 

tus; b) heat t r ans fe r  at coil; 1) oil (heating through wall of 
apparatus, cooling by coil); 2) 92% solution of glycerol in 
water; 3) water; 4) oil (cooling through wall of apparatus, 

heating by coil). 
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-Fig.  2. Compar i son  of exper imenta l  data with calculat ion 

f rom (6) and (10) fo r  turbine mixe r s  ( A  = 

a) heat t r a n s f e r  at wall of appara tus ;  heat t r a n s f e r  at coil;  
1) data of [10]; 2) of [14]; 3) of [12]; 4) of [8]. 
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Fig. 3. Compar ison of exper imental  data (points)of  [13] with 
calculation tstraight  line) f rom formula  {9) for heat exchange 

/ ~dt~__:_ ~T~,( ~w ~~ '~( dM/~--5' .... 'l~t~-~'l-~ ~ Pr-' ~)" with a co i l .  A = \ 
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Substi tut ing now the found va lues  of Up and l in e xp r e s -  
s ions  (1) and (2), we obtain the formula  for  the heat 
t r a n s f e r  coeff icient :  

, r , , , ,  ; ' , , : -< ' ,  =g [--7-t-~F, \ D ) -U 

+  oo,, (-;)" Y 
Bringing  the Re M to the fo rm used in the case  of 

mix ing  

R% = nd~ = ucdU~', 

and us ing  the d i a m e t e r  of the vesse l  as the c h a r a c t e r -  
i s t ic  d imens ion  for heat  t r an s f e r ,  we f inal ly obtain, 
a f te r  s imple  t r a n s f o r m a t i o n s ,  

(r) ~ (v) ) aD pr_~ ~ = 0,425~ ReM 

q-0.032 .~o.2.0.26 Re ~ (d~.)~ ( DH-)~ ~ s ( /  '),, o~s (6) 

Since the type of mix tu re  was not t aken  into account  
in the der iva t ion  of this  equation, the l a t t e r  appl ies  to 
any m i x e r  where  the d is tance  between the blades  and 
the wall  is  much  g r e a t e r  than the th ickness  of the v i s -  
cous sub l aye r .  

To de t e rmine  the heat  t r a n s f e r  coeff icient  we need 
to know the d i a m e t e r  d M of the mixer ,  the d i a m e t e r  D 
of the appara tus ,  and the power factor  ~M. 

For  p rac t i ca l  ca lcu la t ions  express ion  (6) can be 
s impl i f ied  and put in the following form:  
for  30 < Re M < 1000 

(~ D/k) Pr--", (pw/~t) r 14 = 0.60 Re~ 6 ~o.~ (D/d,)O.._, (D/H)O.25; (7) 

for Re M > 103 

(a D/s Pr-'~ (~tw/~t) ~ 14 = 0.3 Re ~ i [oUe (D/d,)O._, (D/H)o.2s. (8) 

Heat t r a n s f e r  to co i l s .  Coils  a re  often used to in -  
t ens i fy  heat  t r a n s f e r  in appara tus  with a m i x e r .  As be -  
fore,  we can a s s u m e  that the coil  is  washed by a quasi -  
s teady s t r e a m  of liquid with Velocity up. The d i rec t ion  
of flow over  the coil  va r i e s  f rom 90 to 0 ~ because  of 
the r andom na tu re  of the t u rbu l en t  pu l sa t ions .  

F o r  tubes  washed t r a n s v e r s e l y  by the liquid we can 
obtain f rom the r e su l t s  of n u m e r o u s  inves t iga t ions  [2, 
4] 

Nu T :- adT/~ = 0.17 (UpdT ~v)~ Pr' , ( ~ w )  ~ l ~ . .  

The c h a r a c t e r i s t i c  d imens ion  wil l  be the d i ame te r  
dT of the tubes  of the coil ,  s ince  the length of the t u r -  
bulent  pu lsa t ions  in this  ease  is  g r e a t e r  than the coil  
d i ame te r .  

Assuming  that al l  d i rec t ions  of tu rbu len t  pu l sa t ions  
a re  equal ly  probable ,  we find the mean  value of the c o r -  
r ec t ion  for the angle of at tack s~  [4] by graphic  in te -  
gra t ion  of e~ and subsequent  ave rag ing  

z 2  

2 ~ s dq: 0.76. e . ? - -  
1 

Bringing Re T = udw/v to the form used in the case  
of mixing  we obtain 

(a d T k) Pr-',(pw/~)014 = 

= 0. 135 Re ~ s2 ~o.~ t d ,D~0..~s ID/H~ ~,' ~ t T' ~ t J" .  (9) 

In some inves t iga t ions  the d i a m e t e r  of the ves se l  
is taken as the c h a r a c t e r i s t i c  d imens ion .  In this  case ,  
t r a n s f o r m i n g  express ion  (9), we will  have 

(~ D/k) pr-v,  (,~w/~) ~ ,4 

O.13Re~176176 (10) 

Expressions (9) and (I0) can be used for an approxi- 
mate calculation of the heat transfer to the surface of 
bodies of various configurations, since Shchitnikov~s 
investigations [5] showed that heat transfer to bodies 
of different configuration can be satisfactorily de- 

scribed by a single relationship. 
We will compare the obtained theoretical formulas 

(7)-(I0) with the experimental heat-transfer data for 
apparatus with mixers of different types. To do this 
we need to know the power coefficient ~ M, which was 
calculated by Kafarov's method [6] with due regard to 
the dimensions of the apparatus near the mixer. 

Paddle mixers. Uhl [7] and Chilton [8] investigated 
heat transfer to the wall of an apparatus with a paddle 
mixer. Uhl conducted experiments in a smooth-walled 
vessel without a coil, while Chilton investigated a ves- 
sel with a coil. As Fig. 1 shows, the agreement be- 
tween the experimental and theoretical data is quite 
satisfactory in view of the approximate nature of the 
formulas. The disagreement is 10-20% and is prac- 
tically within the limits of experimental error. 

Propeller mixer. From experimental data for a pro- 
peller mixer without a coil Ackley [i] obtained the fol- 
lowing equation: 

(a D/k) Pr-'/ ,  (~w/,~) ~ = 0.36 Re~ ,6r . 

Dete rmin ing  the value of ~ M and subs t i tu t ing  the 
value (D/dM) for a p rope l l e r  m i x e r  in Eq. (13), we 
obtain 

(~ D/X) Pr-',", (~w/~t) ~ 14 = 0.3 Re ~ , 

which is f a i r ly  c lose  to the exper imen ta l  r e s u l t .  
Horseshoe mixers .  Uhl [7] inves t iga ted  heat  t r a n s -  

fer  in v e s s e l s  with horseshoe  m i x e r s .  UhPs data a re  
descr ibed  by the following express ion :  

(2 D/K) Pr-",  (~w/~) ~ 14 = c Re{, 01 )  
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where 

for  ReM-<. 300 c =  1,0, n=~0.5; 

for  ReM>~ 300--4000 c = 0.38, n = 0,67. 

The t h e o r e t i c a l  da t a  a r e  a l so  a p p r o x i m a t e d  by E q .  
(11) with the  fol lowing va lues  of  cons tan t  and index:  

for  Re,, < 300 c = 0.85, n :- 0.5, 

for  ReM ~>- 300 c = 0.325, n = 0.67. 

The agreement between the experimental data and 
the calculated data is quite satisfactory. 

Turbine mixers. Heat transfer in apparatus with 
turbine mixers ([9-1], etc. ) has been most fully in- 
vestigated. 

Figure 2 shows that the agreement between the ex- 
perimental and theoretical data can also be regarded 
as satisfactory. 

Most of the experimental data for turbine mixers 
in the case of well-developed turbulence (Re M > I000) 
are satisfactorily described by relationship (8) with 
e = 0.4 and n= 0.67. 

The theoretical values of c and n are 

c = 0,38, n = 0.67. 

Seve ra l  e x p e r i m e n t s  on tu rb ine  m i x e r s  have  been  
conducted  in  a p p a r a t u s  wi th  ba f f l es  and c o i l s .  A c c o r d -  
ing to the r e s u l t s ,  the  in t roduc t ion  of baf f les  i n c r e a s e s  
the  hea t  t r a n s f e r  coe f f i c i en t  by  a p p r o x i m a t e l y  30-50%.  

It  fo l lows f rom e x p r e s s i o n  (8) that  

A s s u m i n g  tha t  a t  high va lue s  of Re M the in t roduc t ion  
of ba f f l e s  i n c r e a s e s  the  p o w e r  coe f f i c i en t  by a f a c t o r  of 
4 - 1 0 ,  we f ind  tha t  the  hea t  t r a n s f e r  coef f i c ien t  should 
be i n c r e a s e d  by a f a c t o r  of 1 . 3 - 1 . 5 ,  which a g r e e s  wi th  
the  e x p e r i m e n t a l  da ta .  

The i n t roduc t ion  of a co i l  [12] i n c r e a s e s  the  hea t  
t r a n s f e r  coe f f i c i en t  to the  wa l l  of the  a p p a r a t u s  by 2 0 -  
30%. This  i s  a c c o m p a n i e d  by an i n c r e a s e  in the power  
coe f f i c i en t  ~M by a f a c t o r  of 2 - 4 .  Heat  t r a n s f e r  to 
co i l s  ( tubes)  i n s ide  the a p p a r a t u s  has  been  i n v e s t i g a t e d  
by s e v e r a l  r e s e a r c h  w o r k e r s  [8, 10, 12 -14 ] .  A c o m -  
p a r i s o n  of the  e x p e r i m e n t a l  da t a  of [8] and [10] with the  
da ta  c a l c u l a t e d  f r o m  Eq.  (10), whe re  the  d i a m e t e r  of 
the  a p p a r a t u s  was chosen  as  the c h a r a c t e r i s t i c  d i m e n -  
sion,  i s  g iven in F i g s .  1 and 2. 

These  f i g u r e s  show that  the  a g r e e m e n t  be tween  the 
e x p e r i m e n t a l  and t h e o r e t i c a l  da ta  i s  qui te  s a t i s f a c t o r y .  

A c o m p a r i s o n  of the  e x p e r i m e n t a l  da t a  of [13] wi th  
the  t h e o r e t i c a l  da ta  ob ta ined  with the  d i a m e t e r  of the 
co i l  t ubes  t aken  as  the  c h a r a c t e r i s t i c  d imens ion  (9) 
showed tha t  in th i s  c a s e  a l so  the  e x p e r i m e n t a l  and t h e -  
o r e t i c a l  da ta  w e r e  c l o s e  (Fig .  3). T h e r e  i s  good a g r e e -  
men t  not only  as  r e g a r d s  the  cons t an t s  and index fo r  
the  ReM, but  a l so  as  r e g a r d s  the  index fo r  the  r a t i o  
(dT/D) ( e x p e r i m e n t a l  0 .5 ;  t h e o r e t i c a l  0 .38) .  

A comparison of the empirical heat transfer equa- 
tions for different types of mixers shows that these 
equations are almost identical. This agrees with the 
formulas obtained by calculation and confirms the main 
idea of this work--the local similarity of the turbulent 
structure of the flow in apparatus with mixers of dif- 
ferent design. 

Thus, despite the rough assumptions, the obtained 
results account quite well for the known experimental 
data and allow an additional consideration of the di- 
mensions of the mixer and apparatus. This justifies a 

similar approach to other complex cases. 
Although the turbulent flow is incomparably more 

complicated and the turbulence in the considered case 
is nonuniform, the effect of this nonuniformity on the 
integrated characteristics (heat transfer coefficient, 
etc. ) is slight. This is exemplified by the choice of 
the characteristic dimension of the pulsations. 

An analysis of the formulas indicates that ff ~ Z n, 

where n ~ 0.15-0 (n tends to zero at high Reynolds 
numbers). 

A similar conclusion can be reached in regard to 
the effect of unsteadiness. It is shown in [15] and [16] 

that in the case of low-frequency pulsations the un- 
steady nature of the flow has practically no effect on 
the rate of heat transfer. 

NOTATION: 

D--diameter of apparatus; dM--diameter of mixer; H--height of 
apparatus; dT-diameter of tubes of coil; Z--characteristic dimen- 
sion of turbulent pulsations; n--number of revolutions of mixer; u c -  
circular velocity of end of mixer; up-averaged fluctuation velocity; 
N--power consumption of mixer; Ni--power of elementary stream of 
liquid; ms-mass fi0w through section @, pet second; an--heat 
transfer coefficient for pulsations normal to wall; c%t-heat transfer 
coefficient for pulsations tangential to wall a -mean  heat transfer 
coefficient; X-thermal conductivity; u-kinematic viscosity; p -  
density of liquid; p-dynamic viscosity; gM-power factor; Re M-  
centrifugal Reynolds number; Re-pulsation Reynolds number; Nu-- 
Nusselt number, Pr-Prandtl number. 
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